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(1). Introduction (2). Preliminaries (3). Double Ringel-Hall algebras and some derivations (4). BGP-re ection operators for the double of . Some properties of BGP-refection operators (6). Comparing BGP-re ection operators with Lusztig's Symmtries (7). Actions on integrable modules (8). Braid group relations 1. Introduction 1.1 Let be a symmetrizable generalized Cartan matrix, or = (I; (; )) a Cartan datum in the sense of G.Luzstig, g the symmetrizable Kac-Moody algebra. We have the DrinfeldJimbo quantized enveloping algebra U q (g) attached to the Cartan datum . Its generators are E i , F i and K with 2 Z I]. As one of the great contributions of G. Lusztig to quantum groups, he introduced the symmetries acting on an integrable U q (g)-modules and then T 00 i;1 : U q (g) ?! U q (g) (see also LS]). In fact, Lusztig gives us four families of symmetries as automorphisms of U q (g), but since they all can be de ned and investigated in a similar way, we only write down one of them as follows T 00 i;1 (E i 
If we consider the Ringel-Hall algebra h(A) of a nite dimensional hereditary al-
gebra A, according to the Ringel-Green Theorem (see G] , R1] or R2]), the composition subalgebra c(A) of h(A) provides a realization of the positive part U + of U q (g). Because the comultiplication of h(A) is given by Green G] , it is natural to provide a Hopf algebra structure of h(A) by adding the torus algebra, and then, to consider the Drinfeld double of the Ringel-Hall algebra, this was done in X] and Ka] . Therfore, the Drinfeld-double of the composition algebra provides a realization of the whole U q (g). This realization build up a bridge between the quantum groups and the representaion theory of hereditary algebras (specially, of quivers). Connecting to the Lusztig's symmetries, it is natural to consider the re ection functors on representations of quivers given by Bernstein-Gelfand-Ponomarev BGP] . It is easily seen that the BGP-re ection functor i induces an automorphism of h(A)hii. In fact, it has been pointed out, by Lusztig L2] and Ringel R3] , that the actions of Lusztig's symmetries and the operators induced by BGP-re ection functors coincide in U + hii for the case of nite type, where U + hii = fx 2 U + jr 0 i (x) = 0g and the derivations r 0 i are de ned as in Jan, 6.15] . Recently Sevenhant and Van den Bergh SV] applied the BGP-re ection functor to the double of the Ringel-Hall algebra of a quiver and obtained an alternative construction of Lusztig's symmetries. 1.3 In this article, we apply the BGP-re ection functors to the Drinfeld doubles of Ringel- Hall algebras of all nite dimensional hereditary algebras. It gives a precise construction of Lusztig's symmetries in the qunatum groups and on the integrable modules in a global way, our process is logically independent on the method used in quantum groups. Almost of all properties of T 00 i;1 , in particular, three fundamental ones we menstioned above, can be obtained in a more conceptual way. Also this approach aviods a lot of di cult calculations.
1.4 In Section 2, we rst review some notations and basic facts of representations of nite dimensional hereditary algebras in the language of Dlab- Ringel DR] . Particularly, the BGPre ection functors at sink or source vertices are introduced in details. Then, the Ringel -Hall algebra and its composition algebra of a nite dimensional hereditary algebra are de ned. According to X], we give in Section 3 the Drinfeld-double structure of Ringel-Hall algebras. This means, the formulae for the comultiplication, etc. are well-written up. By using the derivations and some routine technique of Hopf algebras, the formulae for the de ne relations of the double structure have a simpler form than in X] . The aim of Section 4 is to de ne the BGP-re ection operators on the whole Drinfeld double. We veri ed that the operators induce the algebraic isomorphisms not only for the double of the composition algebras, but also for the double of the whole Ringel-Hall algebras( a slight extension of the result in SV]). Because the BGP-re ection operators and the bilinear form( we call this Ringel paring) are de ned globally on the Drinfeld double, it is very clear to see in Section 5 that the actions of the BGP-re ection operators preserve the Ringel paring. Note that the proof of this fact in quantum groups is very di cult (see L1, Chapt. 38] and Jan, Chapt. 8A]). In Section 6, we show that our BGP-re ection operators coincide with the Lusztig's symmetries. In fact, it is equivalent to express the root vectors corresponding to indecomposable projective or injective representations of the generalized Kronecker algebras (rank 2 cases) into the combinations of monomials of the generators (see R3] and CX]). To prove the braid group relations for the BGP-re ection operators, we need to extend the actions of the operators on intregrable modules. It can be de ned on the integrable highest modules in a global sense. Section 7 is used to show that the actions of BGP-re ection operators and Lusztig's symmetries on integrable modules coincide too, our method to deal with this question stems from Jan, 8.10] . The last section is devoted to prove BGP-re ection operators satisfy the braid group relations. Our steps is also according to Lusztig L1, Part VI] , rst to prove the braid group relations on the algebras in all rank 2 cases, then on integrable modules in general, and nally back to the algebras in general. However, the Ringel-Hall algebra approach enables us to avoid almost all unpleasant calculations, for example, The so-called quantum Verma identities on highest weight vectors ( L1, 39. 3.7] ) are a direct consequence of the actions. Proposition. Let i be a sink, The functor + i yields an Q(v)-algebra isomorphism i :
Of course, we have a dual statement for i being a sourse. (?1) t v t(n?1) n t = 0:
2.11 We denote by c(A) the Q(v)-subalgebra of h(A) which is generated by u i , i 2 I, where fV i ji 2 Ig is a complete set of parawise non-isomorphic simple A-modules, c(A) is called the composition algebra. The following well-known result of Green-Ringel (see G] , R1]) laid down a base for our investigation.
Theorem. There exists an isomorphism : U + ! c(A) of Q(v)-algebras such that (E i ) = u i for i 2 I, where U + is the positive part of the quantum group U q (g). 3.2 Let A be the tensor algebra of a k-species S, P 1 = P ? f0g. In the Ringel-Hall algebra h(A), we write hu i = v ?dimu +"( ) u for each 2 P (noting that hu i i = u i for all i 2 I), then it is easy to see the multiplication of h(A) can be replaced by hu ihu i = v ?h ; i 3.9 We consider the composition algebra C + (A), which is the subalgebra of H + (A) generated by the elements hu + i i; i 2 I and K ; 2 Z I]. Dually, the composition algebra C ? (A) is the subalgebra of H ? (A) generated by the elements hu ? i i; i 2 I, and K ; 2 Z I]. 
Since jV i(j) j = v 2dim k V i (j) and a i(j) = a j , the above relation is
This exactly means that 4.7 Now, we come back to the situation i is a sink of S. Then i is a source of i S. 
By a similar method as did as in SV]
, it can be veri ed that the operator T i preserves the relation (6) Applying T i to the right side of (4.8.1), we get the entirely similar form So the equation (1) is veri ed. The proof of (2) To prove T i coincides with T 00 i;1 , it su ces to show that T 00 i;1 and T i have the same e ect on generating sets. It can be easily seen by identi cation of fhu + j ig j2I with fE j g j2I ; fhu ? j ig j2I with f?v j F j g j2I ; and fK j g j2I with f K j g j2I :
The proof of (b) is similar.
7. Actions On Integrable modules 7.1 Let (?; d) be a valued graph, an orientation of it. Let S be a reduced k-species of (?; d; ), A the tensor algebra of S. An orientation of (?; d) is said to be admissable if there is an ordering k 1 ; k 2 ; ; k n of ? such that each vertex k t is a sink with respect to the orientation s kt?1 s k2 s k1 for all 1 t n. Such an ordering is called an admissable ordering for . Now, let k 1 ; k 2 ; k n be an admissable ordering of ? with respect to .
Then, according to Section 4, T k1 is de ned on D c (A), T k2 is de ned on D( k1 A) and, in general, T kt is de ned on D( kt?1 k2 k1 A) for 1 t n.
As a Q(v)-algebra, D c (A) is the subalgebra of D(A) generated by fhu + i ig n i=1 , fhu ? i ig n i=1 and fK i g n i=1 , It follows that from Green-Ringel Theorem in 3.10, we have the canonical Q(v)-algebra isomorphism 7.2 Lusztig rst de ned operators T 00
i;e on any integrable U q (g)-module V (e = 1), then, he deduced the corresponding automorphisms T 00
i;e of U q (g) and showed that T 00 This means that the operator T i on L( ) coincides with the operator T 00 i;1 on L( ).
To prove Theorem 7.5, we rst introduce some basic lemmas. 8. 
